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Abst rac t - -Th is  paper is concerned with the linear delay partial difference quation 
a( i , j )u( i  + 1,j) + u( i , j  + 1) + b( i , j )u( i , j )  + p( i , j )u( i  - a , j  - T) = O, 
where {a(i, j )},  {b(i, j)}, {p(i, j )},  i, j E No, are real sequences. Sufficient conditions for this equation 
to be stable are derived. Some conditions for this equation to be unstable are obtained also. Q 1999 
Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Stability of ordinary difference quations has been investigated extensively, see [1, Chapter 5; 2-5]. 
In particular, the global attractivity of solutions of the difference quation 
Xn+ 1 -- X n ~- pnXn_k  -~ 0 
has been studied in [3]. 
We consider the partial difference quation 
a(i , j )u(i  + 1,j) + u(i , j  ÷ 1) + b(i, j)u(i , j )  + p(i , j )u(i  -a , j  -T )  = 0, (1) 
where {a(i, j)}, {b(i,j)}, {p(i, j)}, i , j  e No, are real sequences, a T e No, Ni = {i, i  + 1, . . .  }. 
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Such equation arises as difference schemes for calculating approximate solutions of certain 
partial differential equations [6,7]. Also, this equation arises from consideration of random walk 
problems [8, p. 28], mathematical physics problem [9], and the study of molecular orbits [10]. 
A solution of (1) is a real double sequence u = {u(i, j)}, which satisfies (1). 
Let f~ = N_~ x N-r  \ No x N1. Given a function ¢(i, j)  defined on f~, it is easy to construct 
by induction a double sequence {u(i, j)}, which equals ¢(i, j) on ~ and satisfies (1) on No x N:. 
In fact, we rewrite (1) in the form 
u(i , j  + 1) = -a( i , j )u( i  + 1,j) - b(i, j)u(i, j) - p(i, j)u(i - a, j  - ~-). 
Then we can calculate successively u(0, 1); u(1, 1), u(0, 2); u(2, 1), u(1, 2), u(0, 3); . . . .  Such a dou- 
ble sequence is unique and is said to be a solution of (1) with the initial condition 
u(i, j) = ¢(i, j),  (i, j) E f~. 
Oscillation of (1) has been investigated in [11-14]. For the special case that a(i,j) - 1, 
b(i,j) - -1,  we have proved that (1) has no the global attractivity of solutions [15], i.e., we 
always can find a solution {u(i, j)} of (1), which does not tend to zero as i -~ co, j --* c~. 
This property of (1) is different from the mentioned result [3] for ordinary difference quations. 
Recently, stability results of some special cases of (1) have been obtained in [8,16]. 
In this paper, we will study the local stability of (1). For any H > 0, 
SH~--{ ¢[ (i,j)E~sup [¢(i,j)[ < H}.  
The following definitions are similar to those for ordinary difference quations [2]. 
DEFINITION 1. Equation (1) is said tO be stable if for every e > 0, there exists a ~ > 0 such that 
for every ¢ E S~, the corresponding solution u = {u(i, j) } of (1) satisfies 
lu(i,j)l < e, i , j  E No. (2) 
DEFINITION 2. Equation (1) is said to be exponentially asymptotically stable if for any ~ > O, 
there exists a real number ~ E (0, 1) such that ¢ E S~ implies that 
[u(i,j)[ <_ ~J ,  i , j  E No. (3) 
2. MAIN  RESULTS 
THEOREM 1. Assume that 
[a(i,j)[ + [b(i,j)[ + [p(i,j)[ <_ 1, i , j  E No. (4) 
Then equation (1) is stable. 
PROOF. For any e > 0, let 5 ---- e and ¢ E S~. We claim that the solution satisfies (2). In fact, 
from (1) we have 
u(i, 1) = -a(i ,  O)u(i + 1, O) - b(i, O)u(i, O) - p(i, O)u(i - a, - r )  
= -a(i ,  0)¢(i -t- 1,0) - b(i, 0)¢(i, 0) - p(i, 0)¢(i - a, T), i _> 0. 
Hence, 
]u(i, 1)i < e[la(i,O)i + lb(i,O)i + lp(i,O)l] < e, i >_ O. 
Stability Criteria 
Assume that for some fixed integer n >_ O, 
lu(i,j)] < c, for i >_ -a ,  
Then from (1), we have 
u(i, n + 1) = -a( i ,  n)u(i + 1, n) - b(i, n)u(i, n) - p(i, n)u(i - (r, n - r). 
Hence, 
lu(i,n + l)[ < e(la(i,n)a + lb(i,n)l + ]p(i,n)a) < e, i >>_ o. 
By induction, we obtain 
tu(i,j)l < e, i , j  > O. 
The proof is complete. 
THEOREM 2. Assume that a = 0 and there exists a real number 4 E (0, 1) such that 
la(i,J)l + lb(i,j)l + ~-rtp(i,j)l <-4, i , j  E No. 
Then (1) is exponentially asymptotically stable. 
PROOF. Let 5 > 0 and ¢ E S~. From (1), we have 
u(i, 1) = -a( i ,  0)u(i + 1,0) - b(i, o)u(i, o) - p(i, o)~(i, -~-) 
= -a( i ,O)¢( i+ 1,0) - b(i,O)¢(i,O) -p(i ,O)¢(i,-~-), i > O, 
which implies 
]u(i, 1)i<_~(ia(i,O)i+ib(i,O)l+lp(i,O)i)<_(~, iENo.  
ieNo ,  O<<_j<r. 
In general, for 0 < j < T, we have 
lu(i,j)l <_ ~4 j, 
Assume that for some fixed integer n _> T, 
lu(i,j)i < ~4 ~, 
Then from (1), we have 
for i > 0, O<j<n.  
lu(i,n + 1)1 = ] - a(i ,n)u(i  + 1, n) - b( i, n )u( i, n ) -p ( i ,n )u ( i ,n -  T)i 
< ~4~la(i,n)i + 64~lb(i,n)i + ~4~-~1p(i, n)l 
= 54~(ia(i, n)] + Ib(i, n)] + 4-~lp(i, n)t ) < 64 n+l, i >_ 0. 
By induction, we have 
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(5) 
iu(i,j)l _< ~J ,  for i , j  E No. 
Hence, (1) is exponentially asymptotically stable. The proof is complete. 
COROLLARY 1. Ileo" ~-- 0, p(i, j) - p for a11 i , j  E No and there exists a real number 4 E (0,1) 
such that 
la(i,j)l + Ib(i,J)l + IPl <- 4, i , j  E No, (6) 
then (1) is exponentially asymptotically stable. 
Now we will show sufficient conditions for (1) to be unstable. 
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THEOREM 3. Assume that one of the following conditions holds. 
(i) a( i , j )  > O, b(i , j )  >_ O, p( i , j )  >_ 0 for i , j  E No, "r is even and there exists a real number 
r > 1 such that 
a(i, j )  + b(i, j )  >_ r, i, j E No. (7) 
(ii) a( i , j )  > O, b(i , j )  >_ O, and p( i , j )  <_ O, v is odd and (7) holds. 
(iii) a(i, j )  <_ O, b(i, j )  > O, and p(i, j )  >_ O, a + v is even, and 
-a ( i , j )  + b(i , j)  > r > 1, i , j  E No. 
(iv) a(i, j) < O, b(i, j) >_ O, and p(i, j) < O, ~r + ~- is odd and (8) holds. 
(v) a( i , j )  >0,  b(i , j )  <_0, and p( i , j )  >_0, a is odd, and 
a(i, j )  - b(i, j )  >_ r > 1, i, j E No. 
(8) 
(9) 
and 
lu(i, 1 ) l=6(a( i ,O)+b( i ,O)+p( i ,O) )>_6(a( i ,O)+b( i ,O) )>_~r ,  iENo .  
It is easy to see that u(i, 2) > 0 and ]u(i, 2)I _> gr 2, i E No. Assume that for some fixed integer 
n_~0, 
( -1 ) Ju ( i , j )  > O, for i > -a  and - T < j < n, 
[u(i,j)l > ~r j fo r i>O,  O_<j<n.  
Then from (1), for all i > O, we have 
( -1)n+lu( i ,  n + 1) -- - ( -1 )  n+l (a(i, n)u( i  + 1, n) ÷ b(i, n)u(i ,  n) + p(i, n)u( i  - a, n - 7-)) 
= a( i ,n)  ( ( -1 )nu( i  ÷ 1,n)) + b( i ,n ) ( ( -1 )nu( i ,n ) )  
+p( i ,n )  ( ( -1)n-~u( i  - a,n  - T)) > O. 
Hence, 
]u(i, n + 1)l = a(i, n)iu(i  + 1, n)] + b(i, n)lu(i , n)] 
÷ p(i, n)[u(i - a, n - T)I _> ~rn(a(i, n) ÷ b(i, n)) > 6r n+l, 
By induction, we have 
lu(i,j)l >_ i , j  E No. 
Clearly, lu(i , j) l  --* oo as j -+ oo, then (1) is unstable. 
If (iii) holds, we take ¢( i , j )  = (-1)i+J6, ( i , j )  EfL  From (1), we have 
u(i, 1) = -a( i ,  O)u(i + 1, O) - b(i, O)u(i, O) - p(i, O)u(i - a, --T) 
---- (--1)i+16(--a(i, O) ÷ b(i, O) + p(i, 0)), i E No. 
iE  No. 
Hence, 
(vi) a( i , j )  >_ O, b(i , j )  <_ O, and p( i , j )  < O, cr is even and (9) holds. 
Then (1) is unstable. 
PROOF. We only give the proof for cases (1), (iii), and (v). The other cases can be proved by 
the similar method. 
If (i) holds, we take ¢( i , j )  -- (-1)J6, ( i , j )  E f~. From (1), we have 
u(i, 1) = -a( i ,  O)u(i + 1, O) - b(i, O)u(i, O) - p(i, O)u(i - a, --T) 
= --6(a(i, O) + b(i, O) + p(i, 0)) < O, i E No. 
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Hence, ( -1 ) i+ lu( i ,  1) > 0 for i > 0, and 
lu(i, 1) l=5(-a( i ,O)+b(i ,O)+p(i ,O))>_hr,  i>_O. 
Assume that  for some fixed integer n > O, 
(-1) i+Ju( i , j )>O, fo r i>-a ,  -T<_ j<n,  
lu(i,j)l >_ 5r j, for i > 0, 0 _< j _< n. 
Then from (1), we obtain 
( -1) i+n+lu( i ,  n + 1) = -a(i ,  n) [ ( -1) i+n+lu( i  + 1, n)] + b(i, n) [(1)i+nu(i, n)] 
+ p( i ,  n )  - n - > 0, i > 0, 
which implies 
lu(i,n + 1)1 = -a(i ,n)lu(i  + 1,n)l + b(i,n)lu(i,n)l + p(i,n)lu(i - a,n - 7-)1 
>hrn( -a ( i ,n )+b( i ,n ) )>~r  n+l, i>O.  
By induction, we obtain 
lu(i,j)l > 5r j, i , j  e No. 
Then (1) is unstable. 
If (v) holds, we take ¢( i , j )  = (-1)i5,  ( i , j )  E ~. From (1), we have 
u(i, 1) = -a(i ,  O)u(i + 1, O) - b(i, 0)u(i, 0) - p(i, O)u(i - a, --T) 
= (-1) ih(a( i ,O) - b(i,O) +p(i,O)), i >_ O. 
Hence, ( -1) iu( i ,  1) > 0 for i _> O, and 
lu(i, 1) l=5(a( i ,O)-b( i ,O)+p( i ,O))>hr,  i>_O. 
Assume that  for some fixed integer n > 1, 
(-1)iu(i , j )  >0,  fo r i>-a ,  - -T<j<n,  
[u(i,j)l >_ 5r j, for i > 0, 0 _< j < n. 
Then from (1), we obtain 
(-1)~u(i ,  n + 1) = a(i, n) [(--l)i+lu(i -I- 1, n)] - b(i, n) [ ( -1) iu( i ,  n)] 
+ p(i, n) [ ( -1 ) i -~u( i  - a, n - T)] > 0, i e No, 
and 
lu(i,n + 1)l = a(i,n)lu(i + 1,n) I - b(i,n)lu(i,n)l + p(i,n)lu(i - a,n - T)I 
5rn(a(i,n) -- b(i,n)) > 5r n+l, i E No. 
By induction, we have 
lu(i,j)l > 5r j, i , j  e No. 
Hence (1) is unstable. The proof is complete. 
REMARK 1. Under conditions of Theorem 3, we have proved that there exists at least an un- 
bounded solution of (1). 
REMARK 2. In Theorem 3 (i), if p(i,j) > p > 0, then the conclusion of Theorem 3 is valid 
for r _> 1. In fact, in the above proof we can obtain 
lu(i,j)l >_hrJ + ph, i, j E No. 
Therefore (1) is unstable even r = 1. 
REMARK 3. We compare condition (4) (for stability) and condition (7) (for unstabil ity) to find 
that  there is a gap between (4) and (7). How do we fill this gap? That  is an open problem. 
Similarly, we can prove the following result. 
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THEOREM 4. Assume that a = O. I f  one of the following conditions holds. 
(i) a( i , j ) ,b ( i , j ) ,p ( i , j )  >_ 0 for i , j  >_ 0,7" is even and there exists a real number r > 1 such 
that 
a(i, j )  + b(i, j )+  r - 'p ( i ,  j )  > r, i, j E No. (10) 
(ii) a( i , j )  > O, b(i , j )  > O, p( i , j )  <_ O, r is odd, and 
a( i , j )  + b(i, j)  - r -~p( i , j )  >_ r > 1, 
(iii) a( i , j )  <_ O, b(i, j)  >_ O, p( i , j )  >_ O, T iS even, and 
fo r i , j  E No. (11) 
-a ( i , j )+b( i , j )+r - 'p ( i , j )>_r>l ,  i , j ENo .  (12) 
(iv) a( i , j )  <_ O, b(i , j)  > O, p( i , j )  <_ O, r is odd, and 
-a ( i , j )  + b(i, j)  - r - rp ( i , j )  >_ r > 1, i , j  E No. (13) 
(v) a( i , j )  >_ O, b(i , j)  <_ O, p( i , j )  <_ O, and 
a( i , j )  - b(i, j)  - r - rp ( i , j )  >_ r > 1, i , j  E No. (14) 
Then (1) is unstable. 
EXAMPLE 1. Consider the partial difference quation 
1 
l u ( i  + l , j )  + u( i , j  + l) - -~u(i,j) = O, i , j  E No. 
By Theorem 1, (15) is stable. In fact, u( i , j )  = 2 -(i+2j), i , j  E No is a solution of (15). 
EXAMPLE 2. Consider the equation 
(15) 
u(i + 1, j)  + u( i , j  + 1) + bu(i, j)  = O, i , j  E No. (16) 
From Theorem 3, if b > 0, then (16) is unstable. In fact, if b > 0, (16) has an unbounded solution 
u( i , j )  = ( -1  - b) j, i , j  E No. 
EXAMPLE 3. Consider the difference quation with variable coefficients 
We take ~ = 31/32, then condition (5) holds. By Theorem 2, (17) is exponential ly asymptotical ly 
stable. In fact, 
u( i , j )  = 52 -(i+j), i , j  E No 
is such a solution of (17), which satisfies (3). 
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